ABSTRACT. First we establish some necessary and sufficient conditions for the existence of the global attractor of an infinite dimensional dynamical system, using the measure of noncompactness. Then we give a new method/recipe for proving the existence of the global attractor. The main advantage of this new method/recipe is that one needs only to verify a necessary compactness condition with the same type of energy estimates as those for establishing the absorbing set. In other words, one doesn't need to obtain estimates in function spaces of higher regularity. In particular, this property is useful when higher regularity is not available, as demonstrated in the example on the NavierStokes equations on nonsmooth domains.
INTRODUCTION
As we know, many mathematical physics problems can be put into the perspective of infinite dimensional systems, which can be equivalently described by C 0 semigroups in proper function spaces. One important object to describe the long time dynamics of an infinite dimensional system is the global attractor, which is a connected and compact set in some function space, and which attracts all bounded sets.
To show the existence of the global attractor, one normally needs to verify (1) there exists an absorbing set, and (2) the semigroup is uniformly compact. Both conditions are usually proved with certain energy type of estimates, and the uniform compactness is proved using estimates in a more regular function space.
Our main motivation of this article is to derive some conditions which are weaker than the uniform compactness condition, and are easier to verify in view of applications. Fortunately in this article we are able to establish some necessary and sufficient conditions for the existence of the global attractor using the measure of noncompactness. Furthermore, we establish a new method/recipe for proving the existence of the global attractor. The main advantage of this new method/recipe is that, in addition to the existence of an absorbing set, one only needs to verify a necessary compactness condition with the same type of energy estimates as those for establishing the absorbing set.
More precisely, first, using the measure of noncompactness, we introduce a new concept of compactness called ω-limit compact. Then we show that there exists a global attractor for a C 0 semigroup if and only if (1) there is an absorbing set, and (2) the semigroup is ω-limit compact.
Second, we observe that the measure γ(A) of noncompactness of a bounded set A in a Banach space X = X 1 ⊕ X 2 with dim X 1 < ∞ is determined by the diameter of the projection of A to X 2 , i.e., γ(A) ≤ diam(QA). Here Q : X → X 2 is the canonical projection.
Using this property of the measure of noncompactness, we are able to show that the ω-limit compact of a C 0 semigroup in a convex Banach space X is equivalent to the following condition.
Condition (C). For any bounded set B of X and for any ε > 0, there exist t(B) > 0 and a finite dimensional subspace X 1 of X, such that { P S(t)B } is bounded and (I − P )S(t)x < ε for t ≥ t(B), x ∈ B,
where P : X → X 1 is a bounded projector.
Third, based on the above equivalent conditions for the ω-limit compactness, we arrive at the following general method/recipe for the existence of the global attractor of an infinite dimensional system: Recipe. To verify the existence of a global attractor, one needs to show that (1) there exists an absorbing set, and (2) Condition (C) holds.
The main advantage of this new method/recipe is that one needs only to verify a necessary compactness condition with the same type of energy estimates as those for establishing the absorbing set. In other words, one doesn't need to obtain estimates in function spaces of higher regularity. In particular, this property is useful when higher regularity is not available, as demonstrated in the example on the Navier-Stokes equations on nonsmooth domains. It is easy to see that Condition (C) is related to the amplitude of the small eddies discussed in Foiaş, Manley and Temam [2] , and to the work of Foiaş and Prodi [6] on dependence of the asymptotic behavior (in time) of the Navier-Stokes equations on the asymptotic behavior of a certain finite number of numerical parameters.
In order to show how to use this method, we studied in Sections 4-6 the existence of global attractors in function spaces with stronger topology for a parabolic equation, and for the Navier-Stokes equations in both smooth and nonsmooth domains. This method can also be applied to obtain global attractors in stronger topology for other equations such as wave equations with linear damping; this will be reported in a forthcoming paper.
MEASURE OF NONCOMPACTNESS AND ITS PROPERTIES
In this section, we recall the concept of measure of noncompactness and recapitulate its basic properties; see [3] . 
F n is a nonempty compact set.
GENERAL EXISTENCE THEOREMS OF GLOBAL ATTRACTORS
In this section, after recalling some definitions related to the global attractor of a semigroup, we introduce a new concept called ω-limit compactness of a semigroup. Then we establish some necessary and sufficient conditions for the existence of the global attractor of an infinite dimensional dynamical system, using the measure of noncompactness. Then we give a new method/recipe for proving the existence of the global attractor. Definition 3.1. Let M be a complete metric space. A one parameter family It is easy to see that ϕ ∈ ω(B) if and only if there exists a sequence of elements ϕ n ∈ B and a sequence t n → ∞ such that 
Proposition 3.7. Assume that the C 0 semigroup {S(t)} t≥0 in a complete metric space M is set-contractive and that for every bounded subset B of M, t≥0 S(t)B is also bounded. Then it is ω-limit compact.
Proof. For every bounded subset B of M, we know that t≥0 S(t)B is also bounded, from the assumption. Hence, from the other assumption, that S(t) is set-contractive, we have that there exist an α ∈ [0, 1) and a t 1 > 0 such that
Inductively, we have Take ε = 1/n, n = 1, 2, . . . ; we find a sequence {t n },
Property (5) 
By Lemma 2.5, we know that
∞ n=1 t≥t n S(t)B is a nonempty compact set, and is the ω-limit set of B. That is
We now prove that A = ω(B) is invariant. In fact, if ψ ∈ S(t)ω(B), then ψ = S(t)ϕ, for some ϕ ∈ ω(B). Hence there exist a sequence ϕ n ∈ B and t n → ∞ such that S(t n )ϕ n → ϕ. Namely
S(t)S(t n )ϕ n = S(t + t n )ϕ n → S(t)ϕ = ψ, which shows that ψ ∈ ω(B) and S(t)ω(B) ⊂ ω(B).
Conversely, if ϕ ∈ ω(B), by (3.1), we can find two sequences ϕ n ∈ B and t n → ∞ such that S(t n )ϕ n → ϕ.
We need to prove that {S(t n − t)ϕ n } has a subsequence which converges in M. For any ε > 0, there exists a t ε such that 
S(t − t)B < ε.
Hence there exists an N such that
It follows then that
Notice that N n=N 0 S(t n − t)ϕ n contains only a finite number of elements, where N 0 is fixed such that t n − t ≥ 0 as n ≥ N 0 . Using properties (1)- (4) for the measure of noncompactness in Lemma 2.2, we have
Let ε → 0. We then derive that
This means that {S(t n − t)ϕ n } is relatively compact. Therefore, there exist a subsequence t n j → ∞ and ψ ∈ M such that
It's readily to see that ψ ∈ ω(B) and
S(t)S(t n j − t)ϕ n j = S(t)ψ belongs to S(t)ω(B).
It suffices to prove that A = ω(B) is an attractor in M and attracts all bounded subsets of M. Assume otherwise; then there exists a bounded subset B 0 of M such that dist(S(t)B 0 , A) does not tend to 0 as t → ∞. Thus there exist δ > 0 and a sequence t n → ∞ such that
For each n, there exists b n ∈ B 0 satisfying
Since B is an absorbing set, S(t n )B 0 and S(t n )b n belong to B for n sufficiently large. As in the proof above, we know that S(t n )b n is relatively compact and possesses at least one cluster point β, Proof. By Theorem 3.8, we only have to prove the necessity. Since A is an attractor, the ε-neighborhood of A is the absorbing set. Hence it suffices to prove that the semigroup is ω-limit compact. To this end, for every bounded subset B of M and any ε > 0, there exists t ε (B) ≥ 0 such that
On the other hand, since A is compact, there exists a finite number of ele-
The proof is complete. 
S(t)B ≤ γ P t≥t(B) S(t)B + γ (I − P ) t≥t(B) S(t)B
≤ γ (N(0, ε) 
. . , x n }; since X is uniformly convex, there exists a projection
namely Condition (C) holds true.
Ë
The following theorem follows from Theorems 3.9 and 3.10. Remark 3.12. The equivalent condition for the ω-limit compactness, Condition (C), enables us to establish a general method/recipe for the existence of the global attractor of an infinite dimensional system as described in the Introduction. We iterate that, in order to prove the existence of the global attractor for an infinite dimensional dynamical system, we need only to verify (1) the existence of an absorbing set, and (2) Condition (C). The main advantage to the uniform compactness condition by Condition (C) is that Condition (C) can be verified with energy estimates in the same function space as for the existence of absorbing set. In other words, one doesn't need to obtain estimates in function spaces with stronger topology. This property is useful when higher regularity is not available, as demonstrated in the examples in the next three sections. In particular, for the Navier-Stokes equations on nonsmooth domains, where higher regularity is not available, our method becomes necessary for establishing the existence of a global attractor in D (A 1/4 ).
EXISTENCE OF GLOBAL ATTRACTORS FOR SEMILINEAR PARABOLIC EQUATIONS IN H 1 SOBOLEV SPACES
Let Ω be an open bounded subset of R n , n ≥ 3, with smooth boundary ∂Ω, and let g(x, u) be a Carathéodory function of the following form:
Here 1 ≤ p ≤ n/(n − 2) and h(x, u) satisfies:
We are interested in the following initial boundary value problem involving a scalar function u = u(x, t):
where d > 0 is a constant and u 0 (x) is given. For this initial boundary value problem, we know from [14] and [12] that, for u 0 given in H 1 0 (Ω) and for any T > 0, there exists a unique solution u of (4.4)-(4.6) satisfying
Thanks to this existence theorem, the initial boundary value problem is equivalent to a semigroup {S(t)} t≥0 defined by
Then the main objective of this section is to use the method developed in Section 3 to show the existence of the global attractor in H Proof. Using the same method as in [14] , it is easy to know that the semigroup S(t) associated with the initial boundary value problem (4.4)-(4.6) possesses an absorbing ball B(0, ρ) 
, S(t)B(0, ρ) ⊂ B(0, ρ).
In addition, by the assumption of g, there exists a constant M > 0, such that
Then we need to prove that the ω-limit set of
It suffices then to verify Condition (C) in H 
By (4.7), the above inequality implies that (4.10)
By the Gronwall inequality, we have
The proof is complete.
Ë

GLOBAL ATTRACTORS FOR THE 2D NAVIER-STOKES EQUATIONS IN
As in the previous section, the main objective of this section is to use the theory developed in Section 3 to prove the existence of global attractors for the 2-dimensional Navier-Stokes equations in H 
supplemented with the following initial value and boundary conditions:
Let H and V the Hilbert spaces defined respectively by
The space H is endowed with the scalar product and the norm of L 2 (Ω) n denoted by (·, ·) and | · |, and V is endowed with the scalar product
When Ω is sufficiently smooth, there will be no higher regularity for the soultions of the NavierStokes equations. For instance, when Ω is a rectangular region, H 3 regularity for the Stokes problem is not available. Consequently, one does not appear to have energy estimates in H 2 space, needed for uniform compactness for global attractors in H 1 space. Therefore our method in this section appears to be necessary. Of course, for simplicity, we still assume that Ω smooth boundary Γ , but the analysis applies certainly to other not so smooth domains such as rectangles. and the norm u = {((u, u))} 1/2 .
Multiplying (5.1) by a test function v in V and integrating over Ω, using the Green formula and the boundary conditions, we find that the term involving p disappears and there remains
where A = −P∆u, P is the Leray projector from L 2 (Ω) n onto H, and B(u) = B(u, u) is defined by
Thus in weak form, the equations (5.1)-(5.4) are equivalent to the following operator equations
(5.10)
The linear self-adjoint operator A is an isomorphism from its domain
is compact, the embedding of V in H is compact. Thus A −1 is a continuous compact operator in H, and by the classical spectral theorem there exists a sequence λ j ,
and a family of elements ω j of D(A), which are orthonormal in H, such that (5.11)
We summarize here some classical results related to the existence of solutions for the 2D Navier-Stokes equations; see among others [14] . 
The above theorem allows us to define a C 0 semigroup {S(t)} t≥0 by S(t) : u 0 → u(t). Also the following existence theorem of global attractors in H was proved in [7] ; see also [14] . Proof. We only have to verify Condition (C), which is a direct consequence of (1.23) in [4] . 
ATTRACTORS OF THE NAVIER-STOKES EQUATIONS IN NONSMOOTH DOMAINS
This section deals with the existence of the attractor for the two-dimensional Navier-Stokes equations in a bounded Lipschitz domain Ω with nonhomogenous boundary condition, see [1] . In operator form, the Navier-Stokes equations can be written as follows:
Here the operators A, B, the spaces H, V are the same as those defined in Section 5, and the forcing function
is the lifting function for the nonhomogenuous boundary condition as constructed in [1] ; it satisfies the following inequalities:
In [1] , the authors have shown that the semigroup S(t) : H → H (t ≥ 0) associated with the equations (6.1) and (6.2) possesses a global attractor in H and a bounded absorbing set in D (A 1/4 ). The main objective of this section is to prove that the semigroup has a global attractor in D (A 1/4 ) .
To this end, we first state some results selected from [1] .
Lemma 6.1 (Hardy's inequality).
There exists a constant C 3 such that, for any
Lemma 6.2. There exists a constant C 4 such that, for any u ∈ D(A 1/4 ),
(6.7)
3) and (6.4). Then the problem (6.1)-(6.2) has a unique solution u(t) such that, for any T > 0, 
and such that, for almost all t ∈ [0, T ] and for any
It follows that
We have to estimate each term in the right-hand side of (6.10). First, by Holder's inequality and Lemma 6.2, The proof is complete.
Ë
